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1. Introduction and main results
In this paper we determine the critical curves concerned with a degenerate parabolic equation with a source
∂u
∂t
= ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
+ up, (x, t) ∈R+ × (0,+∞), (1.1)
subject to a nonlinear boundary ﬂux and initial value conditions
−
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
(0, t) = uq(0, t), t ∈ (0,+∞), (1.2)
u(x,0) = u0(x), x ∈R+, (1.3)
where m > 1, p,q > 0 and u0(x) is a bounded, continuous, nonnegative and nontrivial initial data.
The particular feature of Eq. (1.1) is its gradient-dependent diffusivity. Eq. (1.1) and its N-dimensional version arise in
some physical models such as population dynamics, chemical reactions, heat transfer, etc. In particular, Eqs. (1.1)–(1.3) can
be thought of as a model to describe heat propagation with a gradient-dependent thermal conductivity in a medium with
chemical reaction and a nonlinear radiation law at the boundary (see [13]). The nonlinear boundary condition (1.2) appears
also in combustion problems when the reaction happens only at the boundary of the container, for example because of the
presence of a solid catalyzer, see [11] for a justiﬁcation.
As it is well known that degenerate equations need not possess classical solutions. However, the local in time existence
of the weak solution to the problem (1.1)–(1.3), deﬁned in the usual integral way, as well as a comparison principle can be
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40 Z.P. Li et al. / J. Math. Anal. Appl. 359 (2009) 39–47easily established; see, e.g., the survey [6] and the book [16]. Let T be the maximal existence time of a solution u, which
may be ﬁnite or inﬁnite. If T < ∞, then u becomes unbounded in ﬁnite time and we say that the solution blows up. If
T = ∞ we say that the solution is global.
Our main concern of this paper is the blow-up phenomenon, a subject that has deserved a great deal of attention in
recent years, see for example the monographs [10,13,14] and the surveys [1–5,7,8,12]. The problem of determining critical
exponents is an interesting one in the general theory of blowing-up solutions to different nonlinear evolution equations of
mathematical physics.
There are some works on the blow-up properties for the a reaction–diffusion model with multiple nonlinearities
ut = um + up, (x, t) ∈ Ω × (0, T ),
∂u
∂η
= uq, (x, t) ∈ ∂Ω × (0, T ),
u(x,0) = u0(x), x ∈ Ω,
where Ω ∈RN is a bounded domain or Ω =R+ (see [12,15]). And for the problem (1.1)–(1.3) in a bounded domain Ω ∈RN ,
authors obtained that all positive solutions exist globally if and only if p,q 1 when m > 1 and if and only if p  1, q 2mm+1
when m 1 (see [9]).
Galaktionov [2] considered the following Cauchy problem with gradient-like diffusion and source
∂u
∂t
= ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
+ up, (x, t) ∈R× (0,+∞),
u(x,0) = u0(x), x ∈R, (1.4)
and Galaktionov and Levine [4] studied the degenerate equation with nonlinear boundary condition
∂u
∂t
= ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
, (x, t) ∈R+ × (0,+∞),
−
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
(0, t) = uq(0, t), t ∈ (0,+∞),
u(x,0) = u0(x), x ∈R+. (1.5)
As for Eq. (1.4), the author proved that if 0< p < p0 := 1, then all solutions of (1.4) are global in time, while for p > p0
there are solutions with ﬁnite time blow-up. That is, p0 is the critical global existence exponent. Moreover, the author also
proved that pc := 2m+ 1 is a critical exponent of Fujita type. Precisely, pc has the following properties: if p0 < p < pc , then
all solutions blow up in a ﬁnite time, while global solutions exist if p > pc . For the problem (1.5), the authors obtained that
the critical global existence exponent is q0 = 2mm+1 and the critical Fujita exponent is qc = 2m.
The problem (1.1)–(1.3) combines both effects, the nonlinear source and the nonlinear boundary ﬂux. Therefore, we
expect the existence of similar phenomena. In our ﬁrst theorem, for every ﬁxed m > 1, we establish the critical global
existence curve in (p,q)-plane (see Fig. 1), which separates the region where every solution is global from the one where
there exist blowing-up solutions.
Theorem 1.1.
(i) In the region of parameters
G =
{
0< p  1, 0< q 2m
m + 1
}
,
every nonnegative solution of (1.1)–(1.3) is global in time.
(ii) In the region
R = {p > 1} ∪
{
q >
2m
m + 1
}
,
there exist solutions of (1.1)–(1.3) that blow up in ﬁnite time.
Remark 1.1. Theorem 1.1 shows that the critical global existence curve of the problem (1.1)–(1.3) is {p = 1, 0< q  2mm+1 } ∪
{q = 2mm+1 , 0< p  1} (see Fig. 1).
In our second result, we establish the critical Fujita curve, which separates the region where every solution blows up
from the region where there exist both global solutions and blowing-up solutions.
Z.P. Li et al. / J. Math. Anal. Appl. 359 (2009) 39–47 41Fig. 1. Critical curves.
Theorem 1.2.
(i) In the region Ru ⊂ R,
Ru = {p > 1, q 2m} ∪
{
p  2m + 1, q > 2m
m + 1
}
,
every solution of (1.1)–(1.3) blows up in ﬁnite time.
(ii) In the region Rg ⊂ R,
Rg = {p > 2m + 1, q > 2m},
there exist solutions of (1.1)–(1.3) that blow up in ﬁnite time as well as global solutions.
Remark 1.2. Theorem 1.2 shows that the critical Fujita curve of the problem (1.1)–(1.3) is given by {p = 2m + 1, q  2m} ∪
{p  2m + 1, q = 2m} (see again Fig. 1).
Remark 1.3. Comparing Theorems 1.1, 1.2 and results in [9], we know that the critical global existence curves are not the
same in a bounded domain and in an unbounded domain, and the critical Fujita curve of Eqs. (1.1)–(1.3) does not exist in
a bounded domain since every positive solution blows up if p > 1 or q > 1 when m > 1.
The rest of this paper is organized as follows. In Section 2, we consider critical global existence curve and prove Theo-
rem 1.1. The proof of Theorem 1.2 is given in Section 3.
2. Critical global existence curve
In this section, we show critical global existence curve, and characterize when all solutions to the problem (1.1)–(1.3) are
global in time or they blow up.
Proof of Theorem 1.1(i). In order to prove that the solution u of (1.1)–(1.3) is global, we look for a globally deﬁned in time
supersolution of the self-similar form
u(x, t) = eLt(K + e−Mξ ), ξ = xe− J t
with
K > ‖u0‖∞, M = (K + 1) qm , L = mM
m+1 + (K + 1)p
K
, J = m − 1
m + 1 L.
A direct calculation in R+ ×R+ , shows
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∂t
= LeLt(K + e−Mξ )+ JMxe− J te−Mξ eLt
 LeLt
(
K + e−Mξ ) LKeLt ,
and
up = epLt(K + e−Mξ )p  epLt(K + 1)p,
∂u
∂x
= −Me(L− J )te−Mξ , ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
=mMm+1e[mL−(m+1) J ]te−mMξ ,
and on the boundary we have that −| ∂u
∂x |m−1 ∂u∂x (0, t) = Mmem(L− J )t .
By the deﬁnition of K , M , L, J and the assumption (p,q) ∈ G , we can check that ∂u
∂t 
∂
∂x (| ∂u∂x |m−1 ∂u∂x ) + up in R+ ×R+
and −| ∂u
∂x |m−1 ∂u∂x (0, t) uq(0, t) for t > 0. We have shown that u is a supersolution of the problem (1.1)–(1.3), which implies
that every solution of the problem (1.1)–(1.3) is global provided (p,q) ∈ G . 
Proof of Theorem 1.1(ii). If p > 1, we consider a blow-up solution of the problem (1.4), which is symmetric and satisﬁes
∂u
∂t
= ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
+ up, (x, t) ∈R+ × (0, T ),
−
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
(0, t) = 0, t ∈ (0, T ),
u(x,0) = u0(x), x ∈R+. (2.1)
It is easy to see that the solutions of (2.1) are always subsolutions of (1.1)–(1.3) for the same initial value. We know from [2]
that the solutions of (2.1) with appropriately large u0 blow up in a ﬁnite time. It follows from the comparison principle that
the problem (1.1)–(1.3) has a solution blowing up in a ﬁnite time.
If q > 2mm+1 , we see from [4] that the problem (1.5) has a solution that blows up. We use the blow-up solutions as
subsolutions of (1.1)–(1.3). By the comparison arguments, the result is immediate. 
3. Critical Fujita curve
Now we turn our attention to the critical curve of Fujita type. That is, we shall show when all solutions of (1.1)–(1.3)
blow up in a ﬁnite time or both global and nonglobal solutions exist.
Proof of Theorem 1.2(i). Deﬁne
Ru1 = {1< p  2m + 1} ∪
{
2m
m + 1 < q 2m
}
and
Ru2 = {p  1, q > 2m}, Ru3 =
{
p > 2m + 1, q 2m
m + 1
}
.
Observe that Ru = Ru1 ∪ Ru2 ∪ Ru3 (see Fig. 1), we divide the proof into three cases.
Case 1. (p,q) ∈ Ru1. Since every solution of the problem (2.1) with nontrivial initial data blows up if 1 < p  2m + 1
(see [2]) and any solution of the problem (1.5) with nontrivial initial value also blows up when 2mm+1 < q 2m (see [4]), we
can use these solutions as blow-up subsolutions of (1.1)–(1.3). By the comparison principle, here the result is immediate.
Case 2. (p,q) ∈ Ru2. Here we compare with particular subsolutions in two steps, and prove that the reaction term makes
the solution large enough to be in the set of initial data for which the ﬂux condition alone is enough to cause blow up.
We ﬁrst consider p < 1, and construct the following self-similar subsolution of (2.1) in the form
u(x, t) = tαφ(ξ), ξ = xt−β (3.1)
with
α = 1
1− p , β =
m − p
(m + 1)(1− p) .
A simple computation shows
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∂t
= t(α−1)(αφ(ξ) − βξφ′(ξ)),
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
= tm(α−β)|φ′|m−1φ′(ξ),
∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
= tmα−(m+1)β(|φ′|m−1φ′)′(ξ). (3.2)
It will be obtained from the above equalities that
∂u
∂t
 ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
+ up, in R+ ×R+,
−
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
(0, t) = 0, for t > 0,
if φ satisﬁes(|φ′|m−1φ′)′(ξ) + βξφ′(ξ) + φp(ξ) − αφ(ξ) 0,
−|φ′|m−1φ′(0) = 0. (3.3)
Set
φ(ξ) = A(am+1m − ξ m+1m ) mm−1+ , (3.4)
where A, a are constants to be determined. It is easy to see that
φ′(ξ) = −Am + 1
m − 1
(
a
m+1
m − ξ m+1m ) 1m−1+ ξ 1m ,
|φ′|m−1φ′(ξ) = −Am
(
m + 1
m − 1
)m(
a
m+1
m − ξ m+1m ) mm−1+ ξ,
(|φ′|m−1φ′)′(ξ) = Am
(
m + 1
m − 1
)m+1(
a
m+1
m − ξ m+1m ) 1m−1+ ξ m+1m − Am
(
m + 1
m − 1
)m(
a
m+1
m − ξ m+1m ) mm−1+ . (3.5)
Since p < 1, we have that
φp(ξ) = Ap(am+1m − ξ m+1m ) mpm−1+
= Ap(am+1m − ξ m+1m ) mm−1+ (am+1m − ξ m+1m )
m(p−1)
m−1+
 Apa
(m+1)(p−1)
m−1
(
a
m+1
m − ξ m+1m ) mm−1+ .
By taking
Am−1
(
m + 1
m − 1
)m
 β, a
(m+1)(p−1)
m−1  Am−p
(
m + 1
m − 1
)m
+ A1−pα,
it is easy to check that (3.3) is valid. The subsolution u given by (3.1) and (3.4) begins with zero initial value, thus u is
a subsolution of the problem (2.1) with every nontrivial initial data.
If p = 1, we use a compact support self-similar solution to (2.1) of exponential type
U (x, t) = eα(t−τ )φ(ξ), ξ = xe−β(t−τ )
with α = m+12m , β = m−12m and
φ(ξ) =
(
m − 1
2m
) 1
m−1(m − 1
m + 1
) m
m−1 (
a
m+1
m − ξ m+1m ) mm−1+ .
After some computations, we have
∂U
∂t
= eα(t−τ )(αφ(ξ) − βξφ′(ξ)),
∣∣∣∣∂U∂x
∣∣∣∣
m−1
∂U
∂x
= em(α−β)(t−τ )|φ′|m−1φ′(ξ),
∂
(∣∣∣∣∂U
∣∣∣∣
m−1
∂U
)
= e[mα−(m+1)β](t−τ )(|φ′|m−1φ′)′(ξ). (3.6)
∂x ∂x ∂x
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∂U
∂t
= ∂
∂x
(∣∣∣∣∂U∂x
∣∣∣∣
m−1
∂U
∂x
)
+ U , (x, t) ∈R+ × (0, T ),
−
∣∣∣∣∂U∂x
∣∣∣∣
m−1
∂U
∂x
(0, t) = 0.
We choose large τ  0 such that U (x,0) u0. Therefore U (x, t) is a subsolution of the problem (2.1).
The subsolutions of (2.1) are always subsolutions of (1.1)–(1.3) for the same initial value. Thus there exists a ﬁnite time t0
to such that the solution of (1.1)–(1.3) is large than the initial value of the blowing-up subsolution of (1.5)
v(x, t) = (T − t)−kψ(ξ), ξ = x(T − t)−l
with k = m
(m+1)q−2m , l = q−m(m+1)q−2m and the proﬁle
ψ(ξ) = B(d − ξ)
m
m−1+ ,
where B and d are some positive constants (see [4]). Observe that v is a subsolution to the problem (1.5), and thus it is
a strict subsolution to the problem (1.1)–(1.3). Therefore the solution of (1.1)–(1.3) blows up in a ﬁnite time which is not
larger than T + t0.
Case 3. (p,q) ∈ Ru3. We apply similar arguments as in previous case, and prove that the ﬂux condition makes the solution
large enough to be in the set of initial data for which the reaction term alone is enough to cause blow up.
If (m + 1)q < 2m, we consider the self-similar subsolution of the problem (1.5), a function like
u(x, t) = tαφ(ξ), ξ = xt−β (3.1)
with
α = m
2m − (m + 1)q , β =
m − q
2m − (m + 1)q .
It will be obtained from (3.2) that
∂u
∂t
 ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
, in R+ ×R+,
−
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
(0, t) uq, for t > 0,
if φ satisﬁes
(|φ′|m−1φ′)′(ξ) + βξφ′(ξ) − αφ(ξ) 0,
−|φ′|m−1φ′(0) φq(0). (3.7)
To do this, we take
φ(ξ) = C(c − ξ)
m
m−1+ , (3.8)
where C , c are constants to be determined. It is easy to see that
φ′(ξ) = −C m
m − 1 (c − ξ)
1
m−1+ ,
|φ′|m−1φ′(ξ) = −Cm
(
m
m − 1
)m
(c − ξ)
m
m−1+ ,
(|φ′|m−1φ′)′(ξ) = Cm
(
m
m − 1
)m+1
(c − ξ)
1
m−1+ . (3.9)
Noting that
βξφ′(ξ) − αφ(ξ)−βC m
m − 1 (c − ξ)
1
m−1+ c − αC(c − ξ)
1
m−1+ c
= −Cc
(
βm + α
)
(c − ξ)
1
m−1+ for 0 ξ  c,m − 1
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Cm−1
(
m
m − 1
)m+1

(
βm
m − 1 + α
)
c, Cm−q
(
m
m − 1
)m
 c
m(q−1)
m−1 .
It is easy to check that (3.7) is satisﬁed. The subsolution (3.1) begins with zero initial value, thus u given by (3.1) and (3.8)
is a subsolution of the problem (1.5) with every nontrivial initial data.
If (m + 1)q = 2m, we also used a self-similar subsolution to the problem (1.5) of exponent type
u = eα(t−τ )φ(ξ), ξ = xe−β(t−τ )
with α = m+12m+1 , β = m−12m+1 .
Take
φ(ξ) = C
(
Cm−1
(
m
m − 1
)m+1
− ξ
) m
m−1
+
.
For arbitrary C > 0, by (3.9) we check that
(|φ′|m−1φ′)′(ξ) + βξφ′(ξ) − αφ(ξ) 0, for 0 ξ  Cm−1
(
m
m − 1
)m+1
,
−|φ′|m−1φ′(0) = φ 2mm+1 (0).
By (3.6) and the above inequalities, we have that
∂u
∂t
 ∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
, in R+ ×R+,
−
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
(0, t) = uq, for t > 0.
We choose large τ  0 and suitable C such that u(x,0) u0. Therefore u(x, t) is a subsolution of the problem (1.5). Once
we have that our solution is large enough the second step follows from the results in [2], where a blow-up subsolution
to (2.1) is constructed. 
Proof of Theorem 1.2(ii). Noticing that Rg = {(m + 1)q <mp +m, q > 2m} ∪ {(m + 1)q mp +m, p > 2m + 1} (see Fig. 1),
we divide the proof into two cases.
Case 1. (m + 1)q <mp +m, q > 2m. We investigate the auxiliary function
u(x, t) = (t + τ )−α f (ξ), ξ = x(t + τ )−β, (3.10)
where τ > 0 and
α = m
(m + 1)q − 2m , β =
q −m
(m + 1)q − 2m .
A direct computation yields
∂u
∂t
= (t + τ )−(α+1)(−α f (ξ) − βξ f ′(ξ)),
∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
= (t + τ )−m(α+β)| f ′|m−1 f ′(ξ),
∂
∂x
(∣∣∣∣∂u∂x
∣∣∣∣
m−1
∂u
∂x
)
= (t + τ )−mα−(m+1)β(| f ′|m−1 f ′)′(ξ).
Therefore, u(x, t) is a supersolution of the problem (1.1)–(1.3) with small initial data u0 if the function f (ξ) satisﬁes(| f ′|m−1 f ′)′ + βξ f ′ + α f + (t + τ )−αp+α+1 f p  0,
−| f ′|m−1 f ′(0) f q(0). (3.11)
q > 2m implies that 12m − α > 0. Let  = 12m − α and we ﬁrst consider(| f ′|m−1 f ′)′ + βξ f ′ + (α + ) f  0,
−| f ′|m−1 f ′(0) f q(0). (3.12)
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f (ξ) = A((λb)m+1m − (ξ + b)m+1m ) mm−1+ , (3.13)
where A, λ > 1, b > 0 are constants to be determined.
After a computation, we have
f ′(ξ) = −m + 1
m − 1 A
(
(λb)
m+1
m − (ξ + b)m+1m ) 1m−1+ (ξ + b) 1m ,
| f ′|m−1 f ′(ξ) = −
(
m + 1
m − 1
)m
Am
(
(λb)
m+1
m − (ξ + b)m+1m ) mm−1+ (ξ + b),
(| f ′|m−1 f ′)′(ξ) = −
(
m + 1
m − 1
)m
Am
(
(λb)
m+1
m − (ξ + b)m+1m ) mm−1+
+
(
m + 1
m − 1
)m+1
Am
(
(λb)
m+1
m − (ξ + b)m+1m ) 1m−1+ (ξ + b)m+1m .
Substituting f and f ′ into (3.12), we obtain
(
m + 1
m − 1
)m+1
Am−1(ξ + b)m+1m − m + 1
m − 1βξ(ξ + b)
1
m −
((
m + 1
m − 1
)m
Am−1 − (α + )
)
× ((λb)m+1m − (ξ + b)m+1m )+  0, for 0 ξ  (λ − 1)b, (3.14)(
m + 1
m − 1
)m(
λ
m+1
m − 1) mm−1 Amb 2mm−1  (λm+1m − 1) mqm−1 Aqb q(m+1)m−1 . (3.15)
Setting η = ξ + b and noting (m + 1)β = (1−m)α + 1, we can rewrite (3.14) as
1
m − 1
((
m + 1
m − 1
)m
2mAm−1 − 1− (m − 1)
)
η
m+1
m + m + 1
m − 1βbη
1
m
−
((
m + 1
m − 1
)m
Am−1 − (α + )
)
(λb)
m+1
m  0, b η λb. (3.16)
For simplicity, we deﬁne
g(y) = 1
m − 1
((
m + 1
m − 1
)m
2mAm−1− 1− (m − 1)
)
ym+1 + m + 1
m − 1βby −
((
m + 1
m − 1
)m
Am−1 − (α + )
)
(λb)
m+1
m .
And then we have
g′(y) = m + 1
m − 1
((
m + 1
m − 1
)m
2mAm−1 − 1− (m − 1)
)
ym + m + 1
m − 1βb.
Therefore, the proof of (3.16) is transformed into that of g(η
1
m ) 0 for b η λb.
Since α +  = 12m , we take A such that
(α + )
(
m − 1
m + 1
)m
< Am−1 < 1
2m
(
m − 1
m + 1
)m(
1+ (m − 1)).
Hence
2m
(
m + 1
m − 1
)m
Am−1 < 1+ (m − 1),
which implies g(y) attains maximum at y∗ , where
y∗ =
(
(m − 1)mβb
(m − 1)m + (m − 1)m+1 − 2m(m + 1)mAm−1
) 1
m
.
Therefore g(η
1
m ) g(y∗). In order to prove (3.16), we impose g(y∗) 0. That is
1
m − 1
((
m + 1
m − 1
)m
2mAm−1 − 1− (m − 1)
)
ym+1∗ +
m + 1
m − 1βby∗
−
((
m + 1)m
Am−1 − (α + )
)
(λb)
m+1
m  0, b η λb.m − 1
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m + 1
m − 1β
m+1
m
(
1+ (m − 1) − 2m
(
m + 1
m − 1
)m
Am−1
)− 1m

((
m + 1
m − 1
)m
Am−1 − (α + )
)
λ
m+1
m .
To this purpose, we choose the constant λ > 1 such that
λ
(
m + 1
m − 1
) m
m+1
β
(
1+ (m − 1) − 2m
(
m + 1
m − 1
)m
Am−1
) −1
m+1((m + 1
m − 1
)m
Am−1 − (α + )
) −m
m+1
.
Then, g(η
1
m ) 0 for any η > 0. In particular, inequality (3.14) holds.
For ﬁxed A, λ, we ﬁrst notice that q > 2m and then may take b small enough such that (3.15) is satisﬁed.
Since (m + 1)q <mp +m implies that −αp + α + 1< 0, it is not hard to choose τ large enough to get that
(t + τ )−αp+α+1 f p = (t + τ )−αp+α+1Ap((λb)m+1m − (ξ + b)m+1m ) mpm−1+
 (t + τ )−αp+α+1Ap−1(λb) (m+1)(p−1)m−1 f   f ,
which and (3.12) imply that (3.11) holds. Thus u deﬁned in (3.10) and (3.13) is a supersolution and any solution of (1.1)–(1.3)
with initial data u0(x) lying below u(x,0) = τ−α f (xτ−β) is globally deﬁned in time. Even more, it decays to zero as t → ∞.
Case 2. (m+ 1)qmp +m, p > 2m+ 1. First we observed that, as the global solution that we have found for (m+ 1)q <
mp +m and q > 2m goes to zero, we can assume that it is less than one. Therefore, for every pair of exponents (p,q) such
that p  p, q q, it is also a supersolution to the problem (1.1)–(1.3) with small initial data.
Thus we have a global nontrivial supersolution for every q > 2m with p > 2m + 1. Owing to the comparison principle,
the solution of the problem (1.1)–(1.3) is global if the initial data u0 is small enough. 
Acknowledgments
This work was partially supported by NNSF of China (10771226), partially supported by Natural Science Foundation Project of CQ CSTC (2007BB0124),
and partially supported by Natural Science Foundation Project of China West Normal University (07B047).
References
[1] K. Deng, H.A. Levine, The role of critical exponents in blow-up theorems: The sequel, J. Math. Anal. Appl. 243 (2000) 85–126.
[2] V.A. Galaktionov, On global nonexistence and localization of solutions to the Cauchy problem for some class of nonlinear parabolic equations, Zh. Vy-
chisl. Mat. Mat. Fiz. 23 (1983) 1341–1354; English transl.: Comput. Math. Math. Phys. 23 (1983) 36–44.
[3] V.A. Galaktionov, Blow-up for quasilinear heat equations with critical Fujita’s exponents, Proc. Roy. Soc. Edinburgh Sect. A 124 (1994) 517–525.
[4] V.A. Galaktionov, H.A. Levine, On critical Fujita exponents for heat equations with nonlinear ﬂux boundary condition on the boundary, Israel J. Math. 94
(1996) 125–146.
[5] V.A. Galaktionov, J.L. Vazquez, The problem of blow-up in nonlinear parabolic equations, Discrete Contin. Dyn. Syst. 8 (2002) 399–433.
[6] A.S. Kalashnikov, Some problems of the qualitative theory of nonlinear degenerate parabolic equations of second order, Uspekhi Mat. Nauk 42 (1987)
135–176; English transl.: Russian Math. Surveys 42 (1987) 169–222.
[7] H.A. Levine, The role of critical exponents in blow up theorems, SIAM Rev. 32 (1990) 262–288.
[8] Z.P. Li, C.L. Mu, Critical curves for fast diffusive non-Newtonian equations coupled via nonlinear boundary ﬂux, J. Math. Anal. Appl. 340 (2008) 876–883.
[9] Z.P. Li, C.L. Mu, Blow-up for a non-Newtonian polytropic ﬁltration equation with multiple nonlinearities, Adv. Dyn. Syst. Appl., in press.
[10] G.M. Lieberman, Second Order Parabolic Differential Equations, World Scientiﬁc, River Edge, 1996.
[11] F.J. Mancebo, J.M. Vega, A model of porous catalyst accounting for incipiently non-isothermal effects, J. Differential Equations 151 (1999) 79–110.
[12] A.D. Pablo, F. Quirós, J.D. Rossi, Asymptotic simpliﬁcation for a reaction–diffusion problem with a nonlinear boundary condition, IMA J. Appl. Math. 67
(2002) 69–98.
[13] C.V. Pao, Nonlinear Parabolic and Elliptic Equation, Plenum, New York, 1992.
[14] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations, Walter de Gruyter, Berlin, 1995.
[15] X. Song, S. Zheng, Blow-up and blow-up rate for a reaction–diffusion model with multiple nonlinearities, Nonlinear Anal. 54 (2003) 279–289.
[16] Z.Q. Wu, J.N. Zhao, J.X. Yin, et al., Nonlinear Diffusion Equations, World Scientiﬁc, Singapore, 2001.
